Let R be a ring with identity element and M be a right R-module. We say that M is weakly endo-prime if ann S (N ) is a prime ideal in the ring S = End(M R ), for any nonzero fully invariant submodule N of M . In this paper we study this notion and obtain some related results.
introduction
Throughout this paper, all rings are associative with unity and all modules are right unitary. Also R denotes an associative ring with unity. We use the notion M R (resp., R M ) when M is a right (resp., left) R-module. Let M R be an R-module. Then if N is a submodule of M , we write N ≤ M and the annihilator of N in R is denoted by ann R (N ) = {r ∈ R | N r = 0}. A submodule N of an R-module M is called a fully invariant submodule of M if f (N ) ⊆ N , for any f ∈ End(M R ). Recall that a nonzero R-module M is prime if ann R (M ) = ann R (N ), for any nonzero submodule N of M . Also 0 = M R is called weakly prime if ann R (N ) is a prime ideal of R, for any 0 = N ≤ M . By a (weakly prime) submodule of a module M we mean a submodule N such that the module M/N is prime (weakly prime). First Dauns in [3] introduced the notion of prime modules. For more details about prime and weakly prime modules, see [1, 2] . Let M be a right R-module and S = End(M R ). In [5] , the 1 authors introduced and studied the notion of endo-prime modules. A right Rmodule M is called endo-prime if ann S (N ) = 0, for any nonzero fully invariant submodule N of M . In this paper we generalize this notion as follow. An R-module M is said to be weakly endo-prime if ann S (N ) is a prime ideal of S for any nonzero fully invariant submodule N of M . For a right R-module M with S = End(M R ), among other results, we prove that:
• Proposition 2.2. ((1), (2), (4)) M R is weakly endo-prime if and only if S M is weakly prime. If M R is weakly endo-prime, then S is a prime ring. If M R is weakly endo-prime and retractable, then M is weakly prime.
• Corollary 2.6. R is a prime ring if and only if R R is weakly endo-prime if and only if R R is weakly endo-prime.
• Proposition 2.14. Let M R be a quasi-injective nonsingular R-module and N be an essential fully invariant submodule of M R . Then M R is weakly endoprime if and only if N R is weakly endo-prime.
• Proposition 2.15. Being weakly endo-prime is a Morite invariant property. Since R is commutative, we can define two R-homomorphisms f and g from M to M such that for any x ∈ M , f (x) = xa and g(x) = xb. Thus for any h ∈ S;
Weakly endo-prime modules
Since SN is a nonzero fully invariant submodule of M and M is weakly endo-
For any two nonempty subsets A and B of a ring R, we denote the set {r ∈ R | rA ⊆ B} by (B : A) l . Lemma 2.3. Let I be a proper right ideal in a ring R. Then the cyclic right R-module R/I is weakly endo-prime if and only if for any right ideal J I in R with (I : I) l ⊆ (J : J) l the following holds for any a, b ∈ R:
Proof. It is easy to see that two following facts hold: Proof. Let (R/I) R be weakly endo-prime. By Lemma 2.3, for J = R, the ideal I = (I : R) l is prime. Conversely, let I be prime. Suppose that J is a right ideal in R such that properly contains I with (I : I) l ⊆ (J : J) l . Since (I : I) l = R, then (J : J) l = R. Therefore J is a two-sided ideal of R. Now suppose that (a(I : I) l b)J ⊆ I, for some a, b ∈ R. Then aRbJ ⊆ I and so RaJRbJ ⊆ RaRbJ ⊆ RI = I. Since I is prime, we conclude that RaJ ⊆ I or RbJ ⊆ I. Thus a ∈ (I : J) l or b ∈ (I : J) l and hence (R/I) R is weakly endo-prime.
Corollary 2.6. R is a prime ring if and only if R R is weakly endo-prime if and only if R R is weakly endo-prime.
Proposition 2.7. If I is a right ideal in a ring R and (R/I) R is a weakly endo-prime R-module, then I behaves like a prime ideal, i.e., for any a, b ∈ R, aRb ⊆ I concludes that a ∈ I or b ∈ I.
Proof. Note that (I : R) l = I and (I : I) l ⊆ (R : R) l = R. Let aRb ⊆ I = (I : R) l , for some a, b ∈ R. By ( * ) in Lemma 2.3, a ∈ (I : R) l = I or b ∈ (I : R) l = I. is weakly endo-prime.
Remark 2.9. It is generally not true that a semisimple R-module is weakly endo-prime. For example Z-module Z 6 is semisimple but it is not weakly endo-prime. Example 2.10. Let M = N 1 ⊕ N 2 be a semisimple module with simple submodules N 1 and N 2 such that N 1 and N 2 are not isomorphic. Then M is endosemiprime, but it is not weakly endo-prime, because End(M R ) ∼ = End(N 1 )⊕ End(N 2 ) is not prime. Proposition 2.11. Let M be a weakly endo-prime R-module. Then any nontrivial fully invariant submodule of M cannot be summand.
Proof. Suppose that N and K are two nontrivial submodules of M such that N is fully invariant and N ⊕ K = M . Then since Hom R (N, K) = 0, we conclude that End(M R ) is not prime. This is a contradiction by the part (2) of Proposition 2.2.
Corollary 2.12. Over a right V -ring R, any right weakly endo-prime module with a nonzero finitely generated socle is a finite direct sum of simple modules.
Proof. Let M be a right R-module such that R is a right V -ring. Since R is a right V -ring, any simple right R-module is injective. Then Soc(M ) is an injective R-module and so it is a summand of M . On the other hand Soc(M ) is a fully invariant submodule, thus by Proposition 2.11 it is not a summand. Therefore M = Soc(M ) and the proof is complete. Proposition 2.13. Let M be a quasi-injective weakly endo-prime module over a ring R. Then any fully invariant submodule of M is a weakly endo-prime as an R-module.
Proof. Let N be a fully invariant submodule of M and K be a fully invariant submodule of N . Then K is also a fully invariant submodule of M . We set S = End(N R ) and S = End(M R ). Suppose that f ShK = 0 for some f, h ∈ S. Then since M is quasi-injective, there exist f ∈ S and h ∈ S such that f | N = f and h| N = h. We show that h S f K = 0. Since K is a fully invariant submodule of M we have: Proposition 2.14. Let M R be a quasi-injective nonsingular R-module and N be an essential fully invariant submodule of M . Then M R is weakly endoprime if and only if N R is weakly endo-prime.
Proof. The necessity is obvious by Proposition 2.11. For sufficient, suppose that N is weakly endo-prime and K is a nonzero fully invariant submodule of M such that gSf K = 0, where f, g ∈ S = End(M R ). By assumption, N ≤ e M and so N ∩ K = 0. Since both N and K are fully invariant, so is N ∩ K. Now since M is quasi-injective and gSf (N ∩ K) = 0, we have equivalent to the category of Mod-S, right R-module generated by n elements corresponds to a cyclic right S-module and conversely a cyclic right S-module corresponds to a right R-module generated by n elements. Thus the equivalence of (c) and (d) is clear by Proposition 2.15 and Lemma 2.3.
(c) ⇒ (a). By (2) in Proposition 2.2, R must be a prime ring. Suppose that N R be a simple R-module. Then by assumption, (N ⊕ R) R is weakly endoprime and so End((N ⊕ R) R ) is a prime ring. Thus Hom R (N, R) = 0 and this implies that Soc(R R ) = 0. Since R is prime and Z(R R )Soc(R R ) = 0, where Z(R R ) is the right singular ideal of R, we conclude that Z(R R ) = 0. Thus R R is nonsingular. Now assume that I ≤ e R R . If I = R, then again by assumption, (R/I ⊕ R) R is weakly endo-prime and has a prime endomorphism ring that implies Hom R (R/I, R) = 0. Since over right nonsingular rings singular modules have zero duals, I cannot be proper. It follows that the prime ring R has no essential right ideals, so it is simple Artinian.
